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Abstract 



We study the Schwinger-Dyson equations of a matrix model for an open- 
closed string theory. The free energy with source terms for scaling oper- 
ators satisfies the same Virasoro conditions as those of the pure closed 
string and is obtained from that of the pure closed string by giving ap- 
propriate nonvanishing background values to all of the sources. 



Recent studies on the double scaling limit of matrix models [|1|] - [[| have provided 
a nonperturbative formulation of random surfaces. Such a formulation is necessary 
to fully understand two-dimensional quantum gravity and string theories. Most of 
these works concern random surfaces without boundary, which are relevant to pure 
closed string theories. In ref. a matrix model for random surfaces with bound- 
aries was introduced and was examined in the Veneziano limit, where surfaces with 
handles are ignored. This model can be regarded as either a zero-dimensional string 
theory containing both of open and closed strings or two-dimensional quantum grav- 
ity without matter on surfaces with boundaries. Subsequently, the double scaling 
limit of the model was studied in ref. |5[] and the string equation which includes 
effects of surfaces with handles as well as boundaries was obtained. Matrix models 
for other open-closed string theories were discussed in ref. ||. 

The purpose of this paper is to study further properties of matrix models for 
open-closed string theories and compare them with the pure closed string case. In 
particular, we use the Schwinger- Dyson (S-D) loop equations @ of the matrix model 
to derive conditions satisfied by the free energy with source terms for the scaling 
operators in the continuum theory. It is a generalization of the studies in refs. |§, 
|| for the pure closed string to the open-closed string case. We find that the free 
energy satisfies the same Virasoro conditions as those of the pure closed string case 

0. 0. The free energy of the open-closed string theory is obtained from that of the 
pure closed string theory by giving appropriate nonvanishing background values to 
all of the sources. Therefore the open-closed case and the pure closed case can be 
treated in a unified way. As a preparation for these analysis we also compute one- 
and two-point correlation functions explicitly on the sphere and on the disk. 

In order to explain our notations let us briefly review the results in refs. ||. 
The matrix model introduced in ref. |3J] to describe both of open and closed strings 
is 

e F = J d$exp(-iVtr C/($)) , 

U{*) = i$ 2 -iA$ 4 + 7 ln(l-/, 2 $ 2 ), (1) 

where $ is an A" x N hermitian matrix and A, 7 and /i are real parameters. Due to 
the U(Af) invar iance the integral ([I]) is reduced to the integral over the eigenvalues 

01, ■ • • , <pN of the matrix. The eigenvalue integral can be evaluated by the method of 
orthogonal polynomials. The polynomial P n {4>) °f order n (= 0, 1, 2, • ■ ■) is defined 



2 



by 

(m\n) = j d(J)exp (-N trU((f))) P m (cf))P n ((f)) — 5 m>n . (2) 
The free energy F can be expressed in terms of the matrix elements r n of 

(m\ (j) \n) = y/r^S m ,n+i + \/r^$n,m+i- (3) 

From the identity (2n + 1)A^ _1 = (n| 0/7'(0) |n) one obtains a recursion relation for 

r n 

(2n + lJJNT 1 = r n [1 - A(r„_! + r n + r n+1 )] 

+r„ + i [1 - A(r„, + r n+ i + r n+2 )] +27-27 (n| \n) . (4) 

1 — fi 2 (p 2 

The double scaling limit is achieved by introducing a lattice spacing a and by 
scaling the parameters as 

N = a-I, 7 = a f r, A=^(l-ta 2 ), ^ = -L e ~ aM , (5) 

where T is the renormalized open string coupling constant. We have put the closed 
string coupling constant, which could appear in the first equation of eq. @, to be 
unity. The parameters t and M are the renormalized bulk and boundary cosmologi- 
cal constants and are conjugate to the area and the boundary length of the surfaces 
respectively. In the limit a — > the recursion relation @ is reduced to || 

t = u 2 - l -u" + 2TR(tt-2M) 1 (6) 

where we have defined 

Tl I 

x = — , 1 - 12Ax = a 2 £, r„ = r(x) = — (1 - ait(£)) • (7) 



The diagonal element of the Gel'fand-Dikii resolvent jlO 
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satisfies 

1 = -2RR" + R' 2 + A(u + 2M)R 2 (9) 

and has an expansion 

R( « ;2M) =£(^i' (10) 

where the coefficients Rk[u] are functions of u and its derivatives: 

1 1 13 

Rq=-, R 1 = — u, R 2 = u" + —u 2 , (11) 

2' 4 ' 16 16 v ; 

Eq. P) is called the string equation. The function u(t, M) is shown to be the second 
derivative of the free energy F(t, M) with respect to t. Substituting eq. (^j) into eq. 
(H) one obtains the differential equation of fourth order for u. 

The Veneziano limit, in which surfaces with an arbitrary number of boundaries 
but no handle are allowed, is obtained by dropping the derivatives of u in eq. @. 
The string equation reduces to 



V2M + u 

It can be solved as a power series in T 



£ = + (12) 



u(0 = t/i - - ; r + o(r 2 ). (is) 



2vev 2M +ve 

The power of T in each term of the solution represents the number of boundaries on 



the corresponding surface. Therefore, the first and the second terms in eq. (|T3| ) are 
contributions from the sphere and the disk respectively. 

Now we shall consider correlation functions of operators. In string theories con- 
taining open as well as closed strings there exist two kinds of operators: the closed 
string emission vertex operators and the open string emission vertex operators. We 
will consider only the closed string operators. In the matrix model they are linear 
combinations of 

W n = ^tr$" (n = 0,l,2,...) (14) 



4 



and scattering amplitudes of closed strings are given by their correlation functions. 
It is convenient to introduce the generating functions of connected Green's functions 

oo 

g k { Zi , Z2, ••■,**) = E ^r ni_1 • ■ ■ z ~k k ~ x (w m ■ ■ ■ w nK ) c 

Ui=G 

/ll 1 1 \ 

= ( — tr • • • — tr ) . 15 

\JV Zi-$ N zk-Q/c 

They are the Laplace transforms of correlation functions of macroscopic loops with 

fixed lengths. 

In the double scaling limit a — > with eqs. fl5|), (|7|) and 

z i = 2>/2e aC ', (16) 

they behave as 

Gi(z) = G\ on {z) + a*g®{(), 

G 2 (z 1 ,z 2 ) = Gr(^^ 2 ) + aV 2) (Ci,C2), 

G K ( Zl ,---,z K ) = aiV°(Ci, ■••,&)• (17) 

The functions G" on and G^™ 1 are nonuniversal parts of the scaling limit and are not 
relevant in the continuum theory. The nonuniversal terms exist only for one-point 
function on the sphere and on the disk, and two-point function on the sphere. This 
can be understood as follows. The correlation functions of macroscopic loops can be 
regarded as partition functions on surfaces with holes. The partition function for a 
surface with the Euler number \ is expressed as an integral over area of the surface 
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/■OO 

Z x (t, M) ~ / dAA~i x ~ l 1 + 2 c n (MA* 

^° L 71=1 



Q -tA 



for the present case of pure gravity, where c n are constants independent of t, M 
and A. The integral is convergent for surfaces with x < and is proportional to 
t* x times a power series in Mr 1 / 2 . This is the t dependence of the universal terms 
in eq. (17). On the other hand, for surfaces with x > 0, i.e. the sphere with one 



or two holes and the disk with one hole, the integral is divergent at A ~ and 
has nonuniversal terms of polynomial in t. The universal parts in eq. (|TT| ) can be 
expanded as M 



g {K \(i, ■■-,(!<) = E Ci ni '"---G nK ( 19 ) 
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The coefficients g ni ,- -,n K of the expansion can be regarded as correlation functions 
of scaling operators [@] O ni , • • ■ , O nK of the continuum theory. 

As explicit examples we shall evaluate the one- and two-point functions on the 
sphere and on the disk. In the scaling limit they are given by [[| 

1 ri 1 

GAz) = — / dx (x\ \x) , 

K J NJo x 1 z -(f, 1 1 

1 r 1 f°° 1 1 

G 2 (z 1 ,z 2 ) = — dxi dx 2 {x 2 \ T aci) (a;i T \x 2 ) . (20) 

Jy Jo Ji Z \ — (j> z 2 - 4> 

The matrix elements in eq. ( p0|) can be evaluated by using the fact that in the scaling 
limit cf) is represented by a second order differential operator 

= 2^2- V2a(-$ + u(£)) + Q(J). (21) 



To obtain the correlation functions on the sphere and on the disk we substitute the 
solution (|13|) for u into eq. (^Tj ) and neglect derivatives of u in eq. (|20f) . After some 
calculation we find that the one- and two-point functions on the sphere and on the 
disk have the forms in eq. (]17D . The universal terms are given by 

s (1) (C) = (2C + Vt) 1 + 2V2 c (2c + Vt) 1 - 1 + \t r * 



1 



s (2) (Ci,C 2 



2M+ y/i 
1 1 



(2Ci + Vi)(2( 2 + Vt) ( V2Ci + Vt+\/2C 2 + Vt 
I 1 



32 vc^iVTi + v^y 

+ 327t (2Cl + (2G + (2M + (22) 

It is easy to see that they can be expanded as in eq. flT9|). The nonuniversal terms, 
which we will need later, are 

GT to = 4 - V2 a C + at C| C* - \t r0 + at 



3 V3 S 4 y 4v/2 VC(VC + VM)' 
Cr n (zi,z 2 ) = — a 3 ; 7=^;- (23) 
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In eqs. (22) and (^) the terms independent of T and those linear in T are contri- 
butions from the sphere and the disk respectively. The sphere contributions in the 
nonuniversal parts (|23|) were given in ref. M. 

We now proceed to study the S-D equations and derive constraints satisfied by 
the free energy with source terms for the scaling operators. We closely follow the 
approach in ref. H. By a change of integration variables in the matrix integral we 
obtain the S-D equations [0 for the connected Green's functions of the operators 



K 



K 



oo 



K 



w m+1 Y[w nj ) -x(w m+3 Y[w nj ) -2 7 ^ /U 2n (vy m+2n _ 1 nw / n J 



3=1 
K 



3=1 



k=l 



n=l \ j=l 

i i\ /j-1 K \ m-1 I K \ 

= mT, n i (l[Wn k w nj+m ^ n w ni ) • x u-ir !( , ; ; nn;, 

JV 3=1 \k=l l=j+l I c j=0 \ 

+ E E (WiUWn,) (Wrn^UW^ 

3=0 SC{1,2,-,K} \ keS I c \ i e s I c 

In terms of the generating functions (|T5|) the S-D equations (p4|) can be rewritten 

as 

2j/j?z 



(24) 



oo 



Ga-+i(z, zi, ■ ■ ■ , zx) + (Az - l)G/f(^i, ■ ■ ■ , ^x) 



-riR-— 1 



A" 



n;=0 



2 7 „ 2 



WiflW nj ) +(w 2 f[w nj 



3=1 



3=1 



K 



1 — fl 2 Z 2 



27/rz 



m,n,i=0 
3„ oo 



i =1 ' c 



E 2m+l_-m-l 

1 — yLt"^- 



■ ■ z 



K nK ~ i w 2m+1 n w n 



3=1 



m,n,i=0 \ 

G K +2(z,z,z 1 , - ■ ■ ,z K ) 

K 

+ E E ^n+l(^) Z n ) ' ' ' J z i n )GK-n+l{ z i z i n +i > ' ' ' j 



n=0 Si={ii,---,i n } 

S2 = { i n + l. , '-. i if } 
S 1 US 2 ={1,2,--,X} 



1 <9 Gk(z\, ■ ■ ■ , gg) — Gk(z, Zi, 

WhdZi Zj-Z 



(25) 



where ^ in the last term means an omission of Zj in the arguments. In the double 
scaling limit we substitute eqs. (|T7|) and (|23| ) into eq. (|25|) and obtain equations 
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for the functions g^ K > in eq. (|TT|). Expanding such equations in (,iCw ' iCk an d 
looking at terms of negative powers in (, we obtain relations among the expansion 
coefficients g ni , -,n K in eq. fllTf). 



To write down such relations in a compact form we introduce 

r(fJ> , Hi,--) = ex P (^(Vo, Hi, • ■ •)) ■ (26) 

As was explained in ref. || g(^o, Hii ' ' ') can be regarded as the free energy with 
source terms HqOq + fJ>\Oi + ■ ■ ■ for the scaling operators. A factor | in front of 
g(fio,fj,i, • • •) in eq. (p6|) is due to the fact that one should consider only the even 
operators Wm when the potential £/($) is an even function. The relations among 
g ni , -,n K are summarized as differential equations on r 

i 28 |L + 6v ^ r £ m-M-^— + ^ E(2^ + 1)/**- ' 
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3 / 4v^r\ 

+ 128 T = °- 



128 -^- - 12t -^ + 6V2rg;M-M. * 



dfi p+ i k=0 d/ik+p+i 

3 00 r?r p 8 2 r 

+ -^(2fc + l)^- + 24£— -— = (p>0). (27) 

The terms depending on T are effects of surfaces with boundaries. If we set T = 0, 
we obtain the equations for the pure closed string derived in refs. [§[,0. Actually, 
the terms depending on T can be absorbed by a shift of the sources 

/4 = Hk + 2^i rM_w - ( 28 ) 

Therefore, in terms of the shifted sources fj,' k the equations have the same form as 
those of the pure closed string case. It is interesting to note that string theories 
containing both of open and closed strings can be described by the same equations 



8 



as those of pure closed string theories. The difference of two cases arises when one 
chooses background values of the sources, to which small perturbations are added. 
Just as one can interpolate between different multicritical points in pure closed string 
theories by switching on some of the sources, one can also interpolate between 
pure closed string theories and open-closed string theories by giving appropriate 
nonvanishing background values to all of the sources. 

From the fact that the scaling operator O corresponds to the cosmological term, 
we require as in the pure closed string case f| 

dT ldT (29) 



d/j, 8 dt ' 

which is consistent with eq. (p7|). Eq. (p9|) shows that r depends on /z and t only 
through a combination /i — 8t. 

By changing the variables to 

256 

- 2 k+3 x' 2k+1 = n' k - 8t8 k , + —8 k , 2 , (30) 

eq. (|2TD is rewritten as the Virasoro conditions on r 0, [|] 
L n r = (n= -1,0,1,...), 

2Ln = \ £ P1 x p x ' q + Yl P x ' P d 'q + o ^ d 'p d 'i + ^ n > ' ^ 31 ) 

p+q=— In p—q=—2n p+q=2n 

where p, q are positive odd integers. By assuming that r is the r-function of the 
KdV hierarchy |fT2 |, the x^-derivative of the condition L_ir = gives the string 
equation ||, 

1 oo 

x ' 1 + J2(2k + l)x' 2k+1 R k [u] = 0. (32) 
z fc=i 

In terms of the variables x k related to fj, k by the same relation as eq. (|30D, the string 
equation (|32|) becomes 

oo 

- Xl + Y,( 2k + l)x 2 k+iRk[u\ - rR{x!, xi; 2M) = 0, (33) 
1 k=i 



where we have used the formulae (|T0"D and (|TT]) . This is a generalization of the string 
equation (^) for the pure gravity to more general theories. The k-th multicritical 
theory is obtained by setting all x's to zero except x% and x 2 k+i- 
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